We use the classical BPS soliton solutions of the BPS Skyrme model together with corrections from the collective coordinate quantization of spin and isospin, the electrostatic Coulomb energies, and a small explicit breaking of the isospin symmetry -accounting for the proton-neutron mass difference -to calculate nuclear binding energies. We find that the resulting binding energies are already in excellent agreement with their physical values for heavier nuclei, demonstrating thereby that the BPS Skyrme model is a distinguished starting point for a detailed quantitative investigation of nuclear and low-energy strong interaction physics. Introduction: The Skyrme model [1], [2] is a nonlinear field theory meant to describe the low-energy limit of strong interaction physics. Its primary fields are mesons, whereas baryons appear as solitons (skyrmions), classified by an integer-valued topological degree which is identified with baryon number [3] . In the two flavor case, the field of the Skyrme model takes values in SU(2), and one natural area of applications is nuclear physics, providing a possible basis for a unified field theoretic description of nuclei. And indeed, shortly after the analysis of the nucleons in terms of the simplest skyrmion (hedgehog) [4], the Skyrme model was employed to describe the deuteron [5] and some additional light nuclei [6] . More recently, nuclear excitation spectra have been studied within the Skyrme model, e.g., in [7] , with reasonable success. One common problem in applying the standard Skyrme model to nuclei are the resulting too large binding energies. There exists a lower energy bound linear in the baryon number B (Faddeev-Bogomolnyi bound, see, e.g., [8] , [9] ), but skyrmions do not saturate it. The simplest B = 1 skyrmion is about 23% above the bound, whereas for higher B this deviation is lowered, to less than 4% in the limit of large B. So, the binding energies per baryon number of higher skyrmions are on the level of 10%, in striking contrast to the small values for physical nuclei. Also, their calculation requires demanding numerics, in contrast to the almost entirely analytical results we shall present below.
Introduction: The Skyrme model [1] , [2] is a nonlinear field theory meant to describe the low-energy limit of strong interaction physics. Its primary fields are mesons, whereas baryons appear as solitons (skyrmions), classified by an integer-valued topological degree which is identified with baryon number [3] . In the two flavor case, the field of the Skyrme model takes values in SU (2) , and one natural area of applications is nuclear physics, providing a possible basis for a unified field theoretic description of nuclei. And indeed, shortly after the analysis of the nucleons in terms of the simplest skyrmion (hedgehog) [4] , the Skyrme model was employed to describe the deuteron [5] and some additional light nuclei [6] . More recently, nuclear excitation spectra have been studied within the Skyrme model, e.g., in [7] , with reasonable success. One common problem in applying the standard Skyrme model to nuclei are the resulting too large binding energies. There exists a lower energy bound linear in the baryon number B (Faddeev-Bogomolnyi bound, see, e.g., [8] , [9] ), but skyrmions do not saturate it. The simplest B = 1 skyrmion is about 23% above the bound, whereas for higher B this deviation is lowered, to less than 4% in the limit of large B. So, the binding energies per baryon number of higher skyrmions are on the level of 10%, in striking contrast to the small values for physical nuclei. Also, their calculation requires demanding numerics, in contrast to the almost entirely analytical results we shall present below.
Recently, some of us found a certain Skyrme submodel ("BPS Skyrme model") which has both a Bogomolnyi-type energy bound and infinitely many solutions solving a firstorder (BPS) equation and saturating the bound [10] . This observation leads to the natural proposal [10] , [11] to treat the solitons of the BPS submodel as the leading contributions to nuclear masses, further supported by the observation that the submodel has the symmetries of an incompressible ideal liquid [10] , [12] , serving as a field theory realization of the liquid drop model of nuclei. Relatively small corrections to the nuclear masses (and, therefore, small but nonzero binding energies) may then be described by some further contributions. It is the purpose of the present letter to determine the resulting nuclear binding energies. Concretely, we shall include the effects of the collective coordinate quantization of spin and isospin, the Coulomb energy and an explicit small breaking of the isospin symmetry, all of which are completely natural contributions within Skyrme theory. We will find that the resulting nuclear binding energies are already in very good agreement with the experimental values for heavy nuclei, demonstrating that the BPS Skyrme model together with standard Skyrme technology provide an excellent starting point for a detailed study of nuclear physics and, more generally, strong interaction physics at low energies (see also [13] ), both at a conceptual and a calculational level.
BPS Skyrme model: The standard Skyrme model lagrangian consists of two terms, a term quadratic in first derivatives (the sigma model term L 2 ), and the Skyrme term L 4 quartic in first derivatives, needed to balance the scaling instability such that soliton solutions may exist. The effective field theory (EFT) philosophy allows (and requires), in principle, to add all possible terms compatible with the basic symmetries, and that is precisely what is done in a perturbative approach (chiral perturbation theory). But for a nonperturbative framework like the Skyrme model, some selection principle is required highlighting the relevant physics. Here we shall require that the lagrangian is no more than quadratic in time derivatives such that a standard Hamiltonian exists. Together with the obvious requirement of Poincare invariance, this severely restricts possible terms in the lagrangian. Essentially, only a potential term L 0 and a certain term L 6 sextic in derivatives [14] may be added to the two standard terms L 2 and L 4 . So we consider the lagrangian
and
Here U :
Cartan current. Further, the λ n are non-negative coupling constants, and B µ is the topological or baryon number current giving rise to the topological degree (baryon number) B ∈ Z,
The terms L 2 , L 4 and L 6 are invariant under the chiral transformations U → W U W , W, W ∈ SU(2), whereas the potential breaks this symmetry down to the diagonal (isospin) subgroup U → W U W † . Further, we assume from now on that the potential V (tr U ) is non-negative and has one unique vacuum at U = 1, i.e., V (U = 1) = 0.
The BPS Skyrme model is the limit λ 2 = λ 4 = 0 of the above theory, with lagrangian (conveniently defining λ 6 = λ 2 /(24) 2 and λ 0 = µ 2 )
The static energy functional of this theory,
has both a Bogomolnyi bound and infinitely many BPS solutions saturating the bound [10] , [15] . This crucial observation, together with the small binding energies of physical nuclei, leads to the plausible assumption that the Skyrme model relevant for nuclear physics belongs to a region in EFT parameter space where the terms L 0 and L 6 give the main contributions to nuclear masses, whereas the remaining terms provide rather small corrections. More generally, the two terms L 0 and L 6 could be the most important ones in regions of not too small baryon and energy densities. As a consequence, the submodel (4) should provide a good starting point (lowest order approximation) and give already reasonable results for certain static properties of nuclei. It is the purpose of the present letter to further investigate this proposal. Clearly, the submodel (4) cannot provide a detailed description of all strong interaction physics, there is, e.g., no perturbative pion dynamics (absence of L 2 ). More generally, in near vacuum regions the hierarchy of terms will be reversed (i.e., the term L 2 will always be dominant near the vacuum, even for parameter choices such that L 6 is dominant for high baryon density). Now we have to make several choices. First of all, for simplicity we choose the standard Skyrme potential
(where U = cos ξ + i sin ξ n · τ , n 2 = 1, and τ are the Pauli matrices), although without the term L 2 there is no direct relation to the pion masses, and other choices are possible. Secondly, we have to choose the shapes (symmetries) of our skyrmion solutions, because due to the many symmetries of the energy functional (5), there exist solutions with different shapes [12] . For simplicity, we shall choose the axially symmetric ansatz ξ = ξ(r) , n = (sin θ cos nφ, sin θ sin nφ, cos θ)
where (r, θ, φ) are spherical polar coordinates. Here our point of view is that, although most nuclei probably do not have this symmetric shape and their determination requires the solution of a much more involved variational problem, the symmetric ansatz (7) may still give a reasonable approximation provided that the deviation of physical nuclei from a symmetric shape is no too pronounced. The ansatz (7) leads to B = n and to the first order ODE for ξ(r) nλ 2µ
Specifically, for the standard Skyrme potential (6) the solution is compact and given by a simple arcsine function, see [10] . We remark that the simple analytic form of the solutions permits the analytic calculation of further physical quantities like form factors or charge radii for any baryon charge [10] . Nuclear binding energies: For the static energy (mass) E of a nucleus, we shall take into account the following contributions, E = E sol +E rot +E C +E I , where E sol is the classical soliton energy, which for the standard Skyrme potential is [10] 
E rot comes from the collective coordinate quantization of rotations and iso-rotations, giving rise to spin and isospin of the nuclei. E C is the electrostatic Coulomb energy of the nucleus, whereas E I is a contribution from a small, explicit isospin breaking, taking into account the mass difference between proton and neutron. Spin and isospin: The (semi-classical) quantization of rotations and iso-rotations is obviously required for a consistent description of nuclei, because both spin and isospin are relevant quantum numbers of nuclei. As usual, the rigid rotor quantization of spin and isospin proceeds by introducing the rotational and iso-rotational degrees of freedom about a static soliton via
and by inserting this expression into the Skyrme lagrangian. The variables parametrizing A and B and their canonical momenta are then quantized via canonical quantization. The result is the standard quantized rigid rotor hamiltonian both for spin and for isospin, and different nuclei are identified with different eigenstates of the rigid rotor, i.e.,
where X is a nucleus, J ( L) is the space-fixed (body-fixed) angular momentum, I ( K) is the space-fixed (body-fixed) isospin angular momentum, and j, j 3 , l, l 3 and i, i 3 , k, k 3 are the corresponding eigenvalues. Finally, |jj 3 l 3 and |ii 3 k 3 are the eigenstates of the rigid rotor (Wigner D functions) for spin and isospion, respectively. For soliton solutions U 0 with some symmetries, certain combinations of the transformations A and B will act trivially on U 0 , and the corresponding combinations of collective coordinates are absent from the quantum mechanical rigid rotor Hamiltonian. Further, these transformations should act trivially, up to a phase, on the nuclei described by the soliton U 0 (Finkelstein-Rubinstein constraints; a detailed discussion for the standard Skyrme model may be found in [17] ). For the ansatz (7) used here, the corresponding moments of inertia are well-known [4] , [5] , [18] . Concretely, for n = B = 1, the resulting skyrmion (hedgehog) is spherically symmetric, i.e., an arbitrary rotation can be undone by an iso-rotation (and vice versa). As a consequence, only three of the six collective coordinates (e.g., only spin) appear. Further, the body-fixed moments of inertia tensor is proportional to the identity,
and the resulting quantum mechanical hamiltonian of a spherical top leads to the energy
For n = B > 1, the quantum mechanical hamiltonian essentially consists of two copies (spin and isospin) of a symmetric top (rigid rotor with J ij = J i δ ij , and generically J 1 = J 2 = J 3 ). The axial symmetry implies that a rotation about the three-axis (by an angle ϕ) can be undone by an isospin rotation (by an angle nϕ), so the corresponding generator (L 3 or K 3 ) should be taken into account only once. The resulting energy is
where I ij = I i δ ij , I 1 = I 2 = I 3 is the isospin moments of inertia tensor, and
and J is defined in (11) . Further, the axial symmetry implies
This constraint, together with j ≥ |l 3 |, leads to unacceptably large angular momenta for physical nuclei for k 3 = 0. We, therefore, assume k 3 = 0 in what follows, so the axially symmetric ansatz cannot be used for nuclei with odd baryon number B, because such nuclei are fermions with half-odd integer values of k 3 . We, therefore, restrict our discussion to nuclei with even B = n (this is just a technical restriction resulting from our ansatz (7); nuclei with odd B > 1 have to be described by solitons with other symmetries). Our final results for the (iso-) rotational excitation energies are, for B = n = 1 (where j = ),
and for B = n > 1 (where, as in [16] , we assume that the lowest excitation energy for a given i 3 obeys i = |i 3 |)
Coulomb energies: The Coulomb energy contributions to the binding energies are especially relevant for heavier nuclei. The Coulomb energy is
where ρ is the electric charge density of the nucleus, i.e., the expectation value w.r.t. nuclear wave functions |X of the electric charge density operator [19] 
where
is the topological charge density and J 0 3 is the time component of the third isospin current density operator J ( Ω, ω, R) a complication arises because it depends both on the spin and isospin angular velocities ω and Ω and on the isospin collective coordinates R, so a Weyl ordering is required (see [20] for details). Indeed, a long but straight-forward calculation leads to the explicitly Weyl-ordered expression
where A † τ 3 A = R i τ i . Further, A ij and B ij are matrices depending on the angles θ and φ of the spherical polar coordinates, which we do not display here. The presence of both collective coordinates R i and angular velocities (related to the body-fixed angular momenta K and L) is very important here because of the identity I 3 = − R · K, so only the presence of both R and Ω in (22) allows to recover the correct (space-fixed) isospin dependence for nuclear matrix elements X|J 0 3 |X . We differ in this respect from Ref. [16] , because their isospin density operator only depends on the angular velocities. The final result for the matrix elements is (details of the calculation can be found in [21] )
It may be checked easily that the contribution to the electric charge is just i 3 , i.e.,
as it must be (observe that the r.h.s. of (23) depends on λ both explicitly and implicitly via the profile function ξ, such that this λ dependence cancels in the integral (the charge)). The matrix element X|R 3 K 3 |X does not contribute even if k 3 = 0, because its prefactor integrates to zero. For n = B > 1, we may ignore this term even for the electric charge densities, because our nuclear wave functions obey K 3 |X = 0. For the calculation of the Coulomb energy one now has to perform the usual multipole expansion of the Coulomb potential and expand the charge density into spherical harmonics, see, e.g., [16] . The result is, for n = B = 1,
neutron:
and for n = B > 1 (1 + 3n 2 ) 2 .
Isospin breaking: The mass difference between neutron and proton may be traced back, at a microscopic level, to the mass difference between up and down quark, but within the Skyrme model it should result from isospin-breaking terms in the effective Skyrme Lagrangian [22] . A detailed discussion of this issue is beyond the scope of the present article. Here we just take into account the leading order effect of the isospin breaking, which is obviously given by the hamiltonian H I = a I I 3 with the resulting energy E I = a I i 3 where a I < 0. In principle, it should be possible to calculate the constant a I from the microscopic theory, but here we shall treat it as a free parameter.
Results and discussion: For an explicit calculation of nuclear masses, we have to determine numerical values for the three parameters λ, µ and a I of our model. Concretely, we fit to the nuclear masses of the proton, neutron, and the nucleus with magical numbers 
With these values, we now may determine the masses (energies E X ) of many more nuclei, E X = E sol + E rot + E C + E I where, however, we prefer to determine (and plot), instead, the nuclear binding energies
Here,
. . nuclear weight number, Z . . . number of protons, N . . . number of neutrons), and E B,X (A, Z, j) may be expressed as a function of the nuclear charge Z, atomic weight number A and spin j.
For a comparison with experimental values we now follow the strategy of [16] . I.e., for each fixed value of the atomic weight number A, we choose the values of Z and j corresponding to the most abundant nucleus. For the resulting nuclei we then compare the binding energies per atomic weight number, E B /A, with their experimental values [23] , see Fig. 1 .
We find that our simple model already provides an excellent description of nuclear binding energies for higher atomic weight numbers, whereas it overestimates the binding energies of small nuclei. This is to be expected, because the BPS Skyrme model is based on two terms in the effective lagrangian which are related to collective phenomena (the topological current density squared and the chiral-symmetry breaking potential) and has the symmetries of an incompressible ideal liquid, relating it to the nuclear liquid drop model, again a collective description of nuclei. Further, our model has just three fit parameters, all of which follow from the same unified field theoretic description. For small nuclei, single-particle properties or pion degrees of freedom will be more important and require an extension of the model. These extensions are, however, completely natural within the field theoretic framework of (generalized) Skyrme theory. Indeed, our proposal entirely belongs to the EFT framework, just assuming that there exists a privileged region in EFT parameter space which enhances the role of the terms L 6 and L 0 , and investigating the consequences of this assumption. Similar calculations using our BPS model have been done in [16] with other premises (e.g., using different potentials) leading to different results (a detailed discussion will be given elsewhere). First of all, their expressions for the isospin current density operator and, consequently, their Coulomb energies, differ from ours. We believe, in fact, that their isospin current density operator is not adequate. Secondly, they include contributions from the terms L 2 and L 4 to the soliton energies in a perturbative way. But the axially symmetric ansatz (7) leads to perturbative contributions to the classical soliton energies which grow much faster than linear with the baryon number. This fast growth implies a strong influence on the nuclear binding energies and, consequently, unphysically small values of their coupling constants. A correct treatment, which will be the result of a more involved variational problem, should lead to contributions which are linear in the bayon charge as befits contributions to classical soliton energies, and which therefore do not contribute to the binding energies in a first order perturbation. This is one of the reasons why we did not consider them in this letter.
To summarize, we have found ample evidence for the claim that the BPS Skyrme model provides an excellent point of departure for a renewed effort to apply Skyrme theory to the investigation of nuclear and strong interaction physics, which should complement existing approaches and lead to a significant improvement of quantitative results in many situations where Skyrme models have already been employed with success. We think we have presented an important step towards the ultimate goal of Skyrme theory of providing a unified field theoretic description of a vast area of phenomena of nuclear and hadronic physics.
